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$\mathrm{C}^{*}$- . $A$ C’ , $X$ $\mathrm{C}$-linear space . $X\cross X$
$A$ $(x|y)_{A}$ , $A$ .
1. $(x|y)_{A}=(y|x)_{A}^{*}$ $x,$ $y\in X$ .
2. $(x|x)_{A}\in A^{+}$ , $(x|x)_{A}=0$ $x=0$ .
, $A=\mathrm{C}$ , ( ) – . $A$
$X$ $||x||_{A}=||(x|x)_{A}||^{1/2}$ .
$X$ $A$ , $A$ $(x|y)_{A}$ .
1. $(x|ya)_{A}=(x|y)_{A}a$ $x,$ $y\in X$ , $a\in A$ .
2. $\{(x|y)_{A}|x, y\in X\}$ $A$ .
3. $X$ $||\cdot||_{A}$ .
, $X$ $A$ .
Example 1.1. 1. $A=\mathrm{C},$ $X=\mathcal{H}$ ( )
2. $A$ $\mathrm{C}^{*}$- , $\alpha$ $A$ . $X=A$ ,
$x\cdot a=x\alpha(a)$ $(x|y)_{A}=\alpha^{-1}(x^{*}y)$
$X$ C*- .
3. $\Sigma$ , $C$ $\Sigma \mathrm{x}\Sigma$ , . $A=\mathrm{C}(\Sigma)$ ,
$X=\mathrm{C}(C)$ , $f,$ $g\in X,$ $a,$ $b\in A$ ,





$x$ $\tau$ , $(Tx|y)_{A}=(x|Sy)_{A}$ $x,$ $y$
$S(=T^{*})$ $\mathcal{L}(X_{A})$ . , C* . $x,$ $y$
$\theta_{x,y}z=x(y|z)_{A}$
, $X$ – . $\theta_{x,y}\in \mathcal{L}(X)$ . $\{\theta_{x,y}|x, y\in X\}$
$\mathcal{L}(X)$ c* $K(X)$ , . $K(X)$
$\mathcal{L}(X)$ . (1) ,
- . (2) , $A$ - .
$X$ $A$ , $A$ $\mathcal{L}(X)$ $\phi$ .
, $\phi$ , $A$ $\phi(I)=I$ . $x$ $A$
. , $X(\text{ }\phi)$ , C*- A-A
.
Example 1.2. 1. $X=A$ . $\phi(a)x=ax$ .
2. $X=\mathrm{C}(C)$ . $(\phi.(a)f)(i,j)=a(i)f(i,j)$
, . ,
.
$I_{X}=\phi^{-1}(\phi(A)\cap K(X))$ $A$ , . $-$
, $A$ . . $K(X)=\mathcal{L}(X)$
, $I_{X}$ $A$ - .
1.8 Cuntz-Pimsner
$\mathrm{C}^{*}$- C* . ,
Pimsner [10] . $A$ $\mathrm{C}^{\mathrm{r}}$ - , $X$ $\mathrm{C}^{*}- A- A$ .
, { $t$ $|a\in A$}, $\{t_{x}|x\in X\}$
$t_{a}t_{x}=t_{\phi(a)x}$ $a\in A,$ $x\in X$ .
$t_{x}t_{a}=t_{xa}$ $a\in A,$ $x\in X$
$t_{x}^{*}t_{y}=t_{(x|y)_{A}}$ $x,$ $y\in X$
$\mathrm{c}*$ - Toeplitz , .
- , .
Toeplitz , $\theta_{x,y}$ $K(X)$
, $\phi^{(1)}$ $I_{X}$ $a$ , t , $K(X)$
$\tau_{\mathrm{x}}$ . $7_{X}$
$t$ $=\phi^{(1)}(a)$ $a\in I_{X}$
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$\mathcal{O}_{X}$ , Cuntz-Pimsner $\mathrm{A}\mathrm{a}$ , C*-
.
$t_{x}$ , t $\mathit{0}_{x}$ $\overline{t}_{x}$ , $t_{a}\sim$ . $t\in \mathrm{R}$ , $\gamma_{t}(\overline{t}_{x})=e^{it}t_{x}^{\sim},$ $\gamma_{t}(t_{a})=t\sim\sim$
, - $\mathrm{T}$ $O_{X}$ $\gamma$ . .




$X$ . , $\mathit{0}_{x}$ , C* .
Example 1.4. $A=\mathrm{C},$ $X=\mathrm{C}^{n}$ , $A$ , $X$
$A$ , . , $O_{X}$ , $n$
$\{S_{i}\}_{i=1}^{n}$ ,
$S_{i}^{*}S_{i}=I$ $(i=1, \ldots, n)$ , $\sum_{:=1}^{n}S_{i}S_{i}^{*}=I$
$\mathrm{c}*$- . $O_{n}$ , $n$ Cuntz
, .
, $n$ , Lyubich
, $([3|)$ .
, $n$ . ($\mathrm{W}^{*}$ )
, . , C*-
, $\mathrm{K}$- $\mathrm{K}\mathrm{M}\mathrm{S}$ state
.
2 C*-
$R(z)$ 2 , $\hat{\mathrm{C}}$ $R$




$\langle$ . $J_{R}=\hat{\mathrm{C}}\backslash F_{J}$ . $\backslash \nearrow^{\backslash ^{\backslash }}=\backslash$ (
) . $J_{R}$ $F_{R}$ $R$ .
$w_{0}=R(z_{0})$ . $z$ $w$ ,
$R(z)=w_{0}+a_{N}(z-z_{0})^{N}+a_{N+1}(z-z_{0})^{N+1}+\cdots$ $(a_{N}\neq 0)$
84
, $e_{R}=N$ , $z_{0}$ . $B_{R}=\{z\in\hat{\mathrm{C}}|e_{R}(z)\geq 2\}$
, . $E_{R}$ , . $E_{R}$
$R$ . $E_{R}\subset B_{R}$ .
Proposition 1. (Beardon $[\mathit{1}J$ ) $R$ 2 , $E_{R}$
2 , .
1. $E_{R}=\emptyset$ .
2. $E_{R}$ 1 $R$ Mobius .
S. $E_{R}$ 2 $R$ Mobius , $R(z)=z^{N}(N\geq 2)$ .
4. $E_{R}$ 2 $R$ Mobius , $R(z)=z^{-N}(N\geq 2)$
.
, $\mathrm{C}^{*}$- . $R$ $\hat{\mathrm{C}}$ $\hat{\mathrm{C}}$
, $J_{R}$ $J_{R}$
.
$A=\mathrm{C}(\hat{\mathrm{C}})$ ( $\mathrm{c}*$ - ), $C=\{(z, R(z)|z\in\hat{\mathrm{C}})\}$ , $X_{R}=\mathrm{C}(C)$ . $f$ ,




n . $A_{J_{R}}=\mathrm{C}(J_{R}),$ $C_{J_{R}}=\{(z, R(z))|z\in J_{R}\}$ ,
$X_{J_{R}}=\mathrm{C}(C_{J_{R}})$ , , .
Proposition 2. $X_{R}$ $A$ $A$ , $X_{R}$
A .
, $X_{R_{J}}$ $A_{J_{R^{-}}}A_{J_{R}}$ .
$e_{R}(z)$ , $A$
.
Proposition 3. $X_{R}$ , $I_{X_{R}}=\{f\in \mathrm{C}(\hat{\mathrm{C}})|f|_{B(R)}=0\}$ . $X_{J_{R}}$
, $I_{X_{J_{R}}}=\{f\in \mathrm{C}(J_{R})|f|_{B(R)\cap J_{R}}=0\}$ .





$X_{R},$ $X_{J_{R}}$ Cuntz-Pimsner $\mathcal{O}_{R},$ $\mathcal{O}_{J_{R}}$ .
C* ,
. , .
C*- $A$ , $A=\mathrm{C}$ , $A$ $0$ $a$ ,
$x,$ $y\in A$ $xay=I$ . C*- $A$ ,
C* , $A\otimes B$ $\mathrm{C}^{*}-$ – ,
.
Theorem 4. (Kajiwara- $Watatani[\mathit{5}J$) $R$ 2 , $O_{J_{R}}$
.
, C’ . –
$\mathrm{c}*$- , $\mathrm{K}$ (Kirchberg-
Phillips)
.
1. ( ) $U$ , $n$ , $R^{n}(U)=\hat{\mathrm{C}}$ .
2. $J_{R}$ $z$ , $\bigcup_{n=0}^{\infty}\{R^{-n}(z)\}$ , $J_{R}$ . ,
.
3. $m,$ $n$ $\{z\in\hat{\mathrm{C}}|R^{m}(z)=R^{n}(z)\}$ .
.
z\in OJ , $a,$ $b\in O_{J_{R}}$ , $azb=I$ ,
, .
, $K_{0}(O_{n})=\mathrm{Z}/(n-1)\mathrm{Z},$ $K_{1}(O_{\mathrm{n}})=\{0\}$ .
Example2.1. 1. $R(z)=z^{n}(n\geq 2)$ . , $J_{R}=S^{1}$ ( 1 )
. $\backslash \prime^{\backslash }=\backslash \backslash$ . , $X_{J_{R}}$ n-times arrount embedding
. $K_{0}(O_{J_{R}})=\mathrm{Z}/(n-1)\mathrm{Z},$ $K_{1}(O_{J_{\text{ }}})=\mathrm{Z}$ .
Example 2.2. $R(z)=T_{n}(z)(n\geq 2)$ . , $T_{n}$ $n$
. $J_{T_{n}}=[-1,1]$ , $J_{T_{n}}$ , $n-1$ . $K_{0}(O_{T_{n}})=\mathrm{Z}^{n-2}$ ,
$K_{1}(O_{T_{n}})=\{0\}$ .
$n=2$ , $[0,1]$ .
2 $P$ ‘$\sqrt$“‘n [-1, 1] , P=\pm T .
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Example 2.3. $R(z)=z^{2}+C$ ( $2$ ). $C$ Mandelbrot , $J_{R}$
, OJ , Cuntz $\mathcal{O}_{2}$ . $C$
, $J_{R}=S^{1}$ , $R(z)$ , $\backslash \grave{\grave{J}}^{\backslash }\mathrm{n}$ , $R(z)=z^{2}$ . ,
$O_{R_{J}}$ .
Example 2.4. $R$ $d$ $(d\geq 2)$ , $z_{0}$ $R$
. $R$ ‘\theta $z_{0}$ , $O_{J_{R}}$ Cutz
$O_{d}$ .









Deaconu-Muhly [2] , $\mathrm{C}^{*}$- . ,
C* , K- .
Example 2.6. (Ushiki [11]) $R(z)=(z^{3}-16/27)/z$ . $J_{R}1\mathrm{h}$ Sierpinski gasket $k\text{ }$








, $K_{0}(O_{R})$ torsion ffee .
, .




. $\Omega$ $\gamma$ . $A=\mathrm{C}(\Omega),$ $C=$
$\bigcup_{j}\{(\gamma_{j}(y), y)|y\in\Omega\},$ $X_{\gamma}=\mathrm{C}(C)$ ,
$(\phi(a)\cdot f\cdot b)(\gamma_{j}(y), y)=a(\gamma_{j}(y))f(\gamma_{j}(y), y)b(y)$
$(f|g)_{A}= \sum_{j=1}^{N}\overline{f(\gamma_{j}(y),y)}g(\gamma_{j}(y), y)$
$X_{\gamma}$ A-A . $O_{\gamma}$ $X_{\gamma}$ Cuntz-Pimsner
. ,
([6]).
$\mathrm{R}^{2}$ 3 $P=(1/2, \sqrt{3}/2),$ $Q=(\mathrm{O}, 0),$ $R=(1,0)$
3 $\gamma_{1},\gamma_{2},\gamma_{3}$
$\gamma_{1}(x, y)=(\frac{x}{2}+\frac{1}{4},$ $\frac{y}{2}+\frac{\sqrt{3}}{4})$ , $\gamma_{2}(x, y)=(\frac{x}{2},$ $\frac{y}{2})$ , $\gamma_{3}(x, y)=(\frac{x}{2}+\frac{1}{2},$ $\frac{y}{2})$
. Sierpinski gasket , $(\gamma_{1},\gamma_{2}, \gamma\epsilon)\}\mathrm{h}$
– . , $O_{\gamma}$ $\mathit{0}_{s}$ , $K_{0}(O_{3})$ torsion free
.
, $\tilde{\gamma}_{1}=\gamma_{1},\tilde{\gamma}_{2}=\alpha_{-_{\mathrm{s}T}^{2\circ}}\Delta\gamma_{2},\tilde{\gamma}_{3}=\alpha_{2\pi}\circ\gamma \mathrm{s}$ . , $\alpha_{\theta}$ $\theta$
. , $\tilde{\gamma}_{1},\tilde{\gamma}_{2},\tilde{\gamma}_{3}$ $h:Karrow K$ , $R$ .
, Sierpinski gasket C*- , $O_{3}$ $O_{R}$
.
3 $\mathrm{C}^{*}$- KMS state
$A$ C’ , $\alpha$ 1 $‘ \mathrm{F}$ $A$ . $m$ ,
$A^{(m)}=\{a\in A|\alpha_{t}(a)=e^{imt}a\}$ . $\alpha$ .
$A$ state $\varphi$ $\alpha$ $\beta$-KMS state ,
$\varphi(ab)=e^{m\beta}\varphi(ba)$
$a\in A,$ $b\in A^{(m)}(\forall m\in \mathrm{Z})$ . $\beta>0$ $\varphi$ $\alpha$
. $\beta=0$ , $\alpha$ tracial state( $\text{ }1$ trace) $\beta- \mathrm{K}\mathrm{M}\mathrm{S}$ state
. $\beta$-KMS state , , (extreme point)
.





. $R$ , 1 . $\hat{\mathrm{C}}$ $\mu$
,
$F(\mu)(f)=\mu(\tilde{f})$
$C(\hat{\mathrm{C}})^{*}$ “Perron-IFtobenius type” $F$ .
$\hat{\mathrm{C}}$
$\delta_{w}$ ,
$F( \delta_{w})=\sum_{w\in R^{-j}(z)}\ovalbox{\tt\small REJECT}$
.
Cuntz-Pimsner KMS state – (Laca-Neshveyev [8]),
$\mathrm{C}^{*}$- , .
Proposition 5. $\mathit{0}_{R}$ $\gamma$ $\beta- KMS$ state , $\hat{\mathrm{C}}$
$(Kl),$ $(K\mathit{2})$ .
$(K1)$ $F(\mu)(f)=e^{\beta}\mu(f)$ $f|_{B(R)}=0$
$(K2)$ $F(\mu)(f)\leq e^{\beta}\mu(f)$ $f\in C(\hat{\mathrm{C}})^{+}$
, $\beta- \mathrm{K}\mathrm{M}\mathrm{S}$-state $\mathrm{C}(\hat{\mathrm{C}})$
, .




$O_{R}$ KMS state , .
Proposition 7. $\hat{\mathrm{C}}$ $\mu$ $z$ , $z\not\in E(R)$
, $\beta>\log N$ .
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$F_{\beta}=e^{-\beta}F$ . $w$ , $\beta>\log N$ , $\hat{\mathrm{C}}$
$\mu\beta,w$ ,
$\mu_{\beta,w}=m_{\beta,w}\sum_{k=0}^{\infty}e^{-k\beta}\sum_{z\in R^{-k}(w)}\delta_{z}$
$=m_{\beta,w} \sum_{k=0}^{\infty}F_{\beta}^{\text{ }}$ $(\delta_{z})$
. , $m_{\beta,w}$ . , $w$ , $0<\beta\leq$
$\log N$ .
Proposition 8. $\mu_{\beta,w}$ Proposition 5 , $O_{R}$ $\beta- KMS$ state $\varphi_{\beta,w}$
– .
$\mu$
$\beta$-KMS state $\hat{\mathrm{C}}$ . $\beta>\log N$ ,
$\mu-F_{\beta}(\mu)=\mu_{0}$
, (K1) $\mu 0$ $Ix$ $0$ , $\mu 0$ $A/I_{X}=\mathrm{C}(B(R))$
. ,
$\mu=\sum_{=\mathrm{J}0}^{\infty}(F_{\beta})^{j}(\mu_{0})$
. $\beta>\log N$ .
Proposition 9. $\beta>\log N$ , $\beta- KMS$ state , $\{\varphi\beta,b|b\in B(R)\}$ –
. , .
$O_{R}$ KMS state $\mathrm{C}(\hat{\mathrm{C}})$
, Lyubich $\mu_{L}$ ([9]) .
Proposition 10. Lyubich $\mu_{L}$ Proposition (5) $(Kl)$ , (K , $\beta=$
$\log N$ $\beta- KMS$ state $\varphi^{L}$ .
Lyubich , (K1) $f\in \mathrm{C}(\hat{\mathrm{C}})$
. (K2) .
$\beta\leq\log N$ , $\mu$
, , (K1) $a$ . $a=1$
$\tilde{a}(x)=N$ $\mu \mathrm{a}.\mathrm{e}$ . $x$ , $\beta=\mathrm{l}\circ \mathrm{g}N$ $\mu=\mu^{L}$ ,
$\beta<\log N$ $\mu=0$ .
$0<\beta$ , $\beta- \mathrm{K}\mathrm{M}\mathrm{S}$ state .
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Theorem 11. $(Izumi- Kajiwara- Watatani[\mathit{4}J)R$ 2 . $0<$
$\beta$ . $O_{R}$ extreme $\beta- KMS$ state .
1. $R$ $0<\beta<\log N$ , $\beta- KMS$ state .
$\beta=\log N$ , $\varphi^{L}$ – $\beta- KMSsta^{4-\vee\sim}*_{-}\iota \mathrm{n}$ $\ln\sigma N<\beta$
, $\{\varphi\beta,z|z\in B(R)\}$ .
2. $R$ , $\log N<\beta$
. $0<\beta<\log N$ , $\{\varphi_{\beta,z}|z\in E(R)\}$ , $\beta=\log N$
$\}$ , $\{\varphi_{L}, \varphi\rho_{z},|z\in E(R)\}$ .
$\beta=0$ , $\beta$-KMS state $\gamma$- . ,
.
Proposition 12. 1. $E_{R}=\{w\}$ . – $\gamma$ .
2. $E_{R}=\{w_{1}, w_{2}\}$ $R(w_{1})=R(w_{i})$ . 2 $\gamma$ $\varphi_{w:}$ ,
$\mathrm{C}(\hat{\mathrm{C}})$ , $\delta_{w_{\text{ }}}$ .
S. $E_{R}=\{w_{1}, w_{2}\}$ $R(w_{1})=w_{2},$ $R(w_{2})=R(w_{1})$ . – \mbox{\boldmath $\gamma$}-
$\varphi$ , $\mathrm{C}(\hat{\mathrm{C}})$ $(\delta_{w_{1}}+\delta_{w_{2}})/2$ .
, , $O_{R}$ , $\beta$ extreme KMS
state .
Example 3.1. $R(z)=z^{n}(n\geq 2)$ . $E_{R}=\{0, \infty\}=B(R)\text{ }R(\mathrm{O})=0,$ $R(\infty)=\infty$
. $\mu_{\beta,w}=\delta_{w}$ . $\beta\neq\log N$ , $\mu\beta,w$ $\varphi_{\beta,w}$
, $\beta=\log N$ , $\varphi^{L}$ .
Example 3.2. $R(z)=z^{-n}(n\geq 2)$ . $E_{R}=\{0, \infty\}=B(R)\text{ }R(\mathrm{O})=\infty,$ $R(\infty)=$
$R(\mathrm{O})$ . $\beta\geq 0$ ,
$\mu\rho,0=.\frac{e^{\beta}}{e^{\beta}+1}\delta_{0}+\frac{1}{e^{\beta}+1}\delta_{\infty}$, $\mu\beta,\infty=\frac{1}{e^{\beta}+1}\delta_{0}+\frac{e^{\beta}}{e^{\beta}+1}\delta_{\infty}$
. $\beta\neq\log N$ , $\mu_{\beta,w}$ $\varphi\rho_{w}$, , $\beta=\log N$
, $\varphi^{L}$ . , $\betaarrow+0$ 2
KMS state 1 .
Example3.3. $R(z)=z^{n}-2z+1(n\geq 2)$ . 1 , $0$ .
$0\leq\beta<\log n$ , $\varphi_{\beta,\infty}$ , $\beta=\log n$ , $\varphi_{\beta,\infty},$ $\varphi^{L}$ , $\beta>\log n$
, $\varphi\rho,0$ , \mbox{\boldmath $\varphi$}\beta ,\infty .
, $O_{J_{R}}$ .
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Theorem 13. $(Izumi- Kajiwara- Watatani[\mathit{4}])$ $O_{J_{\text{ }} ^{ } }\alpha$ ,
.
1. $0<\beta<\log N$ , $\beta- KMS$ state .
2. $\beta=\log N$ , Lyubich $\varphi^{L}$ .
S. $\log N<\beta$ $[]’$. Z $\{\varphi_{\beta,w}|w\in B(R)\cup J_{R}\}$ $\beta- KMS$ state .
Corollary 14. $R$ , $J_{R}$ $R$ , $O_{R}$
$\beta- KMS$ state $\beta=\deg R$ , Lyubich
.
, $O_{J_{R}}$ KMS state .
Example 3.4. $R(z)=z^{2}$ , $\beta=2$ $\beta$-KMS state
, $S^{1}$ .
Example 3.5. $R(z)=2z^{2}-1$ . $\beta$-KMS state , $\beta\geq 2$





Example 3.6. $R(z)=(z^{2}+1)^{2}/(4z(z^{2}-1))$ . $\beta=\log 4$ , $\hat{\mathrm{C}}$
Lyubich . $\beta>\log 4$ , 6
extreme KMS state .
Example 3.7. (Ushiki [11]) $R(z)=(z^{3}-16/27)/z$ . $\beta=\log 3$ , Sierpinski
gasket Huchinson $\beta-KMS$ state
. $\beta>\log 3$ , 3 $b_{1},$ $b_{2},$ $b_{3}$ $\beta$-KMS state
.
$\mathrm{c}*$– $O_{R}$ extreme KMS state GNS
, .
Theorem 15. (Izumi-Kajiwara-Watatani $([\mathit{4}J)$
1. $\varphi^{L}$ , $III_{1/N}$ . , $N$ $R$ .
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2. $\varphi_{\beta,w}$ , $I$ .
, $\varphi^{L}$ , [3] $\varphi^{L}$ GNS $\mathrm{w}*$
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